See Black and Scholes ( [3] , p. 649): «It is not generally realized that corporate liabilities other than warrants may be viewed as options. Consider, for example, a company that has common stock and bonds outstanding ... it is clear that the stockholders have the equivalent of an option on their company's assets. In effect, the bond holders own the company's assets, but they have given options to the stockholders to buy the assets back.». See also Merton ([10] , p. 178): « ... we can use the total value of the firm as a "basic" security ... and the individual securities within the capital structure (e.g., debt, convertible bonds, common stock, etc.) can be viewed as "options" or "contingent claims" on the firm and priced accordingly.».
I
The first to successfully implement the Black-Scholes-Merton intuition were KealhoferMcQuown-Vašíček, known by the acronym KMV, the name of the firm sold to Moody's in 2002 for $210 million.
In order to implement the KMV model, the face value and the maturity of the firm's debt must be defined. In addition, the stock's volatility has to be estimated. In this model, both the default point and the possible default time are exogenously given. Insolvency occurs if, at the debt's maturity (1 year, by hypothesis), the value of the assets is lower than the face value of the debt, which is assumed to be equal to the book value of the short-term debt (up to 1 year) plus a certain share of the long-term debt. 2 In 1994, Leland ([9] ) proposed a model that, in the writer's opinion, is theoretically more appealing than the KMV model. In the Leland model, differently from the KMV model, it is assumed that bonds, like stocks, are perpetual securities. 3 Therefore, it is assumed that the complex debt structure of a firm can be approximated by a fixed-rate perpetual bond, with a certain nominal value. The assumption of a perpetual debt is justified not only for the sake of simplicity, but also because firms are normally able to roll over their debts.
The main advantages of the Leland model, compared with the KMV model, are two fold: 1) insolvency can occur at any instant of time; 2) the default point and the recovery rate are endogenous. In substance, compared with the KMV model, the Leland model greatly reduces the use of ad hoc assumptions (the maturity of the debt, the default point, the recovery rate).
While there have been several empirical tests of the archetype of the KMV model, i.e. the Merton model ( [11] ), one cannot say the same for Leland's model. To the best of our knowledge, the only contribution is that of Forssbaeck and Vilhelmsson ( [5] ), who compare the Leland and the Merton models, with results favorable to the latter.
The bad performance of the Leland model highlighted by the above paper can be attributed to its hypotheses about the fiscal setting, which entail an obvious drawback: the stock's value rises if the tax rate rises.
Adopting a different tax-regime approach makes it possible to avoid this drawback, while maintaining the merits of the original model referred to above. In the revised model, which has been fully described in other articles (Barone [1] , [2] ) and which we call Perpetual-Debt Structural Model (PDSM), stocks are equivalent to a portfolio that contains a perpetual American option to default.
In the Merton-KMV model, the option to default is European and has a finite-length maturity, equal to the maturity of the debt. This assumption makes it difficult to price contracts where stocks are the underlying asset. 2 See Moody's ( [15] , p. 9): "The long-standing practice of defining the default point has been 'current liability + ½ long term liability.' As part of the EDF9 research, we reevaluated the formula against many alternative possibilities. We found that the other approaches were not consistently better than the long-standing practice for non-financial firms. For financial-firms, however, ... we set the default point as a percentage of total adjusted liabilities. We calibrate that percentage as 75%.".
Another merit of the PDSM, already embedded in the Merton-KMV model, is the fact that the distribution of stock returns changes over time, as a function of leverage: the greater the leverage, the greater the stock's volatility. As a consequence, the theoretical prices of stock options can be consistent with the volatility smiles observed in the market.
Therefore, a single model makes it possible to consistently price both stocks and stock options. Besides, since the PDSM gives a closed-form formula for the default probabilities of any maturity, CDSs can also be consistently priced, without making any ad hoc assumption about the recovery rate, which is endogenously given by the model. This paper offers a first empirical test of the model. Essentially, the question is: "Is the PDSM sufficiently flexible to give default probabilities consistent with those historically estimated by Moody's?". As we will see, the answer is positive.
Then we will look at a simple application where the PDSM is estimated at the level of a single listed firm, Deutsche Bank in our case. The model's estimates, made in such a way as to obtain theoretical values in line with the market quotes and the balance-sheet data, make it possible to assign a "market-based" rating. As we will see, the rating of Deutsche Bank based on the PDSM is consistent with Moody's rating.
The rest of this paper is organized as follows: after a section in which we examine the default frequencies for the rating classes defined by Moody's ( §1), the paper describes the Perpetual-Debt Structural Model ( §2). The model's estimates based on Moody's default frequencies are then presented ( §3). After describing some stylized facts that synthetize the results obtained ( §4) and illustrating the application of the PDSM to the case of Deutsche Bank ( §5), the paper closes with some short final considerations ( §6).
Ratings and Default Frequencies
The rating agencies bracket firms in a finite number of rating classes and annually compute, for each class, the default rate, i.e. the ratio between the number of historically observed defaults and the number of companies in the cohort formed at the beginning of the observation period.
The rating is a discrete "qualitative" variable (i.e. a "categorical" statistic). If we wish to synthesize the financial health of a firm in a unique statistic, it might be better to define a continuous "quantitative" variable rather than a discrete one. For example, the x-year probability of default, continuously defined between 0 and 1, could be a valid alternative to the rating, even if it measures only one aspect of the firm's risk.
Actually, risk is a multi-dimensional concept, and there are many other key variables that are useful in measuring it, such as asset volatility (or business risk), leverage (the ratio between after-tax assets and equity), equity volatility (the standard deviation of annualized equity returns), recovery rate (the complement to 1 of the loss given default), distance to default (the log distance from the default point), time to default (or expected time of default).
It goes without saying that Moody's rating classes (Aaa, Aa, A, Baa, Ba, B, Caa-C) represent, so to speak, just as many "still-images" of a movie where the worsening of the rating and the correspondent increase of the default probability "go hand in hand" with the increase of business risk, leverage, equity volatility, and with the decrease of recovery rate, distance to default, time to default. Like human beings, firms are born, grow up, age, and then die. At the time of John Graunt (1620-1674), the 10-year death probability of an individual aged 46, defined as the probability of a person from a specific generation, exactly 46 years old, dying before reaching age 56, was equal to 40% [Rubinstein [17] , pp. 30-33)]. In the period 1920 -2010, Moody's 10-year average default rate for all rated companies, defined as the probability of default from the time the pool of issuers is formed up to a 10-year time horizon, was equal to 11.811%. Death probabilities and default rates change over time as a function of welfare and the state of the economy, respectively. Now, as shown by the mortality tables ( [18] ), the death probabilities are much lower than they were at the time of John Graunt. Instead, life conditions for firms did not improve with the passage of time. On the contrary, in recent years, the average default rate for all rated companies increased slightly.
Mortality tables report the 1-year death probabilities by age of individuals. Instead, Moody's matrices report the n-year (1 ≤ n ≤ 20) average cumulative (issuer-weighted) default rates by rating class. 4 The default rates calculated ex post by Moody's, on the basis of historical observations, can be interpreted as default probabilities, from an ex ante standpoint. More precisely, Moody's matrices report the cumulative probabilities, Q(T), i.e. the probabilities that the firms with a certain rating at time 0 will default by a certain maturity T. Decumulating these probabilities, we can obtain the estimates of the annual unconditional default probabilities,
e. the estimates of the probabilities that the firms with a certain rating at time 0 will default in the i th year (i = 1, 2, ..., n). Finally, the conditional default probabili-
]}, measure the probability that the firms with a certain rating at time 0 will default in the i th year, provided that they are still alive at the end of the previous year.
A striking fact inferred from the default rates reported by Moody's is that -for investment-grade firms -the 1-year unconditional default rate tends to be an increasing function of time, while the opposite is true for speculative-grade firms ( Figure 1 ). Why? If a firm is considered to be creditworthy, the more time elapses, the greater the possibility that its financial health will decline. Instead, for a firm with a poor credit rating, the next year or two may be critical: the longer the firm survives, the greater the chance that its financial health will improve.
Moody's analysis of default rates is further refined by distinguishing investment-grade and speculative firms by letter rating classes (Aaa, Aa, A, ...) and alphanumeric rating classes (Aa1, Aa2, Aa3, A1, A2, A3, ...). Moreover, default rates provided by Moody's are adjusted to take account of rating withdrawals, "which occur when borrowers shift from rated public to unrated private debt finance or when all their debts are extinguished outright" (Hamilton and Cantor [6] ), and are calculated by giving all issuers the same weight ("issuer-weighted" default rates) or by giving each exposure a weight proportional to the total value of its outstanding bonds ("volume-weighted" default rates). We will use the "issuer-weighted" default rates ( [14] , Exhibit 34, pp. 32-3) 4 Mortality tables also show life expectancies for individuals of any age. Similar calculations, as the calculation of the expected time to default, are not possible for the firms considered by Moody's. In Moody's matrices, the maximum time horizon is 20 years, against 120 years in mortality tables. The maximum life of a firm can be measured in centuries (the oldest bank in continuous operation since its establishment is Monte dei Paschi di Siena, founded in 1472), while the oldest verified person ever didn't reach the 120 years (in the U.S., Sarah Knauss lived 119 years and 97 days).
As mentioned in the introduction, we use Moody's data to check whether the PerpetualDebt Structural Model (PDSM) is sufficiently flexible to give default probabilities consistent with those historically estimated by Moody's.
As will be seen, the model produces internally consistent values that smooth the "asperities" of Moody's data, which are particularly "severe" in the case of conditional default rates ( Figure 2 ). 5 Moreover, the PDSM offers a closed-form formula to calculate the probability of default, Q(T), for any time horizon T, with 0 < T < +∞ [Equation (4)] 5 The conditional default rates, λ, of Figure 2 have been calculated by applying the Equation (9) 
Model
The perpetual-debt model is a simple model where -unlike in other structural models -debt is modeled as a perpetual fixed-rate bond, instead of a zero-coupon bond with finite maturity (Barone [1] ). Therefore, default can happen at any time, and not only at the bond's maturity.
The state variable is represented by the value of the assets, V, which is assumed to follow a geometric Brownian motion with drift rate r -q V and variance rate σ V 2 , where r is the riskfree rate, q V is the payout rate and σ V is the volatility of V.
The model (which belongs to the class of first-passage models) specifies default as the first time V hits a lower barrier, V b , that is endogenously determined as a solution of an optimal stopping problem (stockholders' equity maximization). See Barone [2] , pp. 65-66.
Stockholders do have a perpetual American option to default. 6 The assumption of an infinitely-lived security is not only convenient from a mathematical and practical standpoint (there is no need to estimate the debt's maturity parameter), but is also a good proxy for a short-term debt rolled over again and again, as with perpetual floaters.
In the PDSM there are four stakeholders:
1. stockholders hold the residual claim on the firm's assets, i.e. equity, whose current value is S 0 . They issue a perpetual bond with nominal value Z, coupon C = r Z, and market value B 0 . Because of the firm's limited liability, they have an option to default, that is the (perpetual) right to sell the assets at price Z to the bondholders. In other words, they have a perpetual American put option, with strike Z and market value P, written on V. When V = V b , stockholders exercise their option to default. This prevents equity's value from becoming negative. When the (put) option is exercised, stockholders sell the firm's assets, whose value is V b , and receive Z from the bondholders; 2. bondholders hold a portfolio with current value B 0 . They buy a perpetual fixed-rate bond from stockholders. The bond has two embedded options: a short perpetual option to default in favor of stockholders, and a short perpetual digital option (or bankruptcy security) in favor of third parties (lawyers, accountants, courts, etc.). At default, the perpetual digital option, with barrier V b , pays α V b (0 < α < 1) to third parties; 3. third parties hold a security with current value U 0 . When the firm defaults, third parties claim from bondholders a share α of the firm's value (α is the ratio between bankruptcy costs and the market value of the assets prior to bankruptcy); 4. the Tax Authority is long on a simple linear contract, with current value θV 0 , where θ is the effective tax rate. The Tax Authority claims a share θ of the firm's assets as soon as the firm is created (the Tax Authority is a "special partner" of the stockholders). As soon as the bond is issued, the tax burden θV 0 is redistributed among the firm's three claimants, to include the newcomers (bondholders and third parties).
The value of contracts that link stakeholders with each other is shown in Table 1 .
In particular, the default barrier, V b , i.e. the optimal trigger chosen by stockholders to maximize the value of equity, is [see Barone [2] , pp. 65-66]
(1) and the value, p b , of a perpetual first-touch digital option that pays $1 when V = V b is (2) where γ 2 is the elasticity of the perpetual first-touch digital option with respect to V:
By using the first-passage time distribution function, it is possible to calculate the default probabilities. Let Q(T) denote the probability of default between time 0 and time T (included). This is equal to the probability of V reaching V b before T (or at T). Therefore, Q(T) is equal to the first-passage time distribution function: (4) where (5) (6) Firm's assets
Note: p b is the value of a perpetual first-touch digital option which pays $1 when V = V b at default time τ.
Equation (4) gives the term structure of unconditional cumulative default probabilities. Annual unconditional probabilities, q(T, T + 1), and conditional default probabilities (i.e. hazard rates / default intensities), λ(T, T + 1), are given by the usual formulas:
We do not need to separately estimate ad hoc values of recovery rates at default: they are endogenous too. If we assume "instant recovery", i.e. if we assume that -at default time τ -the bondholder receives an instant payment equal to (1 -R)Z, the recovery rate R is endogenously given by the following formula:
By definition, the distance to default, b, is
By setting
we can define the "risk-neutral" time to default, s b , as
Then, by substituting (2) and (11) into (13), we get
We define leverage, L, as the ratio between the non-Government value, (1 -θ)V 0 , of a firm's assets and the value, S 0 , of its equity:
By applying Itô's lemma, we can derive the instantaneous equity volatility, σ S , which turns out to be a complex inverse function of the assets' value:
Model's Estimates
In order to estimate the model, we minimized the most common loss function, that is the Sum of Squared Errors (SSE) between actual values, y i , and theoretical values, f i , 
, and (9). We estimated V 0 and σ V after fixing the debt's nominal value (Z = 100) and using a trialand-error procedure to determine the other model parameters (r = 3%, q V = 1%, θ = 35%, α = 20%). The mean error turns out to be 0.03%. The coefficient of determination, R 2 , is 99.07%. Table 2 shows that V 0 decreases and σ V increases with the worsening of the credit rating. As a consequence, the value of the liabilities also declines, with the exception of the bankruptcy security held by third parties (the only stakeholders who gain from default). Besides, while the value of stockholders' equity falls almost to zero, bondholders lose a relatively modest fraction of their wealth. It is also interesting to note that, as V 0 decreases, the leverage (L) and the equity volatility (σ S ) increase considerably, while the recovery rate (R) decreases. 8 The cumulative probabilities of default calculated by applying formulas (4)- (7) to the model estimates of Table 2 are reported in Table 3 . The mean of the differences between the actual and theoretical values of cumulative, unconditional and conditional default probabilities are equal to 0.27%, -0.04%, and -0.13%, respectively. The corresponding standard deviations are 1.53%, 0.85%, and 1.33%. 7 Each of the 3 "blocks" of default rates (cumulative, unconditional, conditional) is made up of 200 observations, because in Exhibit 34 of Moody's ( [14) here are 10 rating classes (Aaa, Aa, A, Baa, Ba, B, Caa-C, Investment Grade, Speculative Grade, All Rated) and 20 time horizons. 8 The estimates of leverage are consistent with the values reported in Kalemli-Ozcan et al ( [7] ), based on the Orbis database published by Bureau van Dijk for the period 2004-2009: "Mean firm leverage for listed US firms is very stable at around 2.3-2.4" (p. 14). Besides, the strong negative relationship between equity, S 0 , and equity volatility, σ S , is consistent with the patterns observed for the S&P 500 Index (SPX) and the CBOE Volatility Index (VIX). In the years 1990-2016, the implied volatility of S&P 500's 30-day options measured by the VIX index ranged from 9.31% (12/22/1993) to 80.86% (11/20/2008) , with a mean of 19.67%. Note: Z = 100. r = 3%. q V = 1%. θ = 35%. α = 20%.
Some Stylized Facts
On the basis of the model, companies with the same rating can be characterized in terms of risk indicators that are easy to understand: The results are shown in Table 4 . For example, firms with a Baa rating are characterized by: business risk 13.32%, leverage 2.72, equity volatility 33.70%, 5-year default probability 0,767%, recovery rate 57.59%, distance to default -74.47%, time to default 63.80 years. These values are the "coordinates" of the centroid that represents the rating class Baa. From Table 4 some stylized facts emerge:
1. The average business risk is equal to 14.39%, while the corresponding equity volatility is much higher, at 40.04%, as a natural consequence of leverage; 2. The assets must lose 91.18% of their value for the shareholders of an Aaa company to declare bankruptcy. This figure falls to 52.86% for a Caa-C firm; 3. The expected time to default for an investment-grade company is 80.30 years, against 23.93 years for a speculative-grade company. In particular, the expected life of a Caa-C firm is only 8.81 years. 4. The relationship between the 5-year probability of default and the recovery rate is strongly negative: Q(5) = 0.004% and R = 63.72% for an Aaa rating, while Q(5) = 54.754% and R = 26.66% for a Caa-C rating;
In the PDSM, the recovery rate, R, is given by Equation (10). It is directly proportional to V b (the lower the value of a firm's assets at the time of default, the lower the recovery rate) and is an inverse function of Z (the higher the debt, the higher the loss given default). Besides, R is a negative function of the parameter, α, which measures the average cost of default [according to Davydenko et al. ([4] ), α = 21.7%, a value similar to the estimate we used in this paper, α = 20%]. From an ex ante standpoint, the PDSM recovery rate appears to be consistent with our expectations.
From an ex post standpoint, a simple linear regression of the recovery rate, by rating class, on the 5-year annualized probability of default, Q (5) Table 4 , is as follows:
The intercept is almost equal to Moody's (59.2 against 59.1), while the angular coefficient is still negative, though significantly different (−3.361 as against −8.356).
A Firm-level Application: the Deutsche Bank Case.
The analysis developed in the previous sections was carried out to check the ability of the model to produce estimates of default probabilities consistent with the default rates historically observed by Moody's. In this section, we present an empirical application at firm level: the Deutsche Bank case. In order to estimate the input data of the PDSM, we used the daily quotes of Deutsche Bank's common stock and CDS spreads for the period 2 January 2014 -24 October 2016. The sample period is the same as that used by Moody's ( [16] ) in one of its research papers. This makes it possible to compare the probability of default measured by the PDSM with the expected default frequencies (EDFs) computed by Moody's.
Some PDSM point estimates (V 0 , Z, q V , σ V ) are reported in Table 5 . They make it possible to ensure the "perfect fit" between the Deutsche Bank's actual stock quotes and CDS spreads ( Figure 3 ) and the theoretical quotes given by the PDSM. 9 The estimates have been obtained under the hypothesis that the risk-free interest rate is well approximated by the 50-year OIS zero rate. In addition, the estimation procedure took into account the deviations between the actual and the theoretical values of some "control variables": the price of 30-day at the money calls, the stock's dividend yield, the balance-sheet leverage (which may diverge substantially from the "actual" one if the firm uses derivatives intensively). 9 The theoretical value of stock is S 0 ≡ (1 -θ) (V 0 -Z + P), where P ≡ (Z -V b ) p b , while V b and p b are given, respectively, by Equations (1) and (2) . The theoretical value of the CDS spread has been computed by Equation (27) in Barone (Errore. L'origine riferimento non è stata trovata.], p. 12). This exemplifies banks' current difficulties, with low interest rates limiting their ability to generate profits from deposits, loans, and other market services. Deutsche Bank's losses included €5.2 billion in provisions for fines and lawsuits. The firm's one-year EDF measure increased from 1.05% in January to its all-time high of 2.85% on February 9. ... Deutsche Bank's current [25 October 2016 − Ed.] one-year EDF measure maps to an EDF implied rating of B2, suggesting it is noninvestment grade with a relatively high chance of default."
The EDF, acronym of expected default frequency, has been obtained by mapping from the distance to default (DD). Technically, the risk-neutral measure (DD) has been transformed into a "real" measure (EDF). See Moody's ( [15] , pp. 15-22). As shown in Figure 4a , the 1-year EDF reaches a 2.85% peak shortly after the announcement of the 2015 balance-sheet loss, released on 20 January 2016 by the Co-CEO of Deutsche Bank, John Cryan. Comparison of Figure 4a and Figure 4b shows that the spread between the 5-year EDFs and the 1-year EDFs is about 1 percentage point. 10 In both figures, the dotted lines are the PDSM estimates of the "actual" or "real" default probabilities, Q*(T). As in the EDF case, these probabilities have been obtained by applying a mapping procedure. We assumed a linear relationship between real probabilities, Q * (T), and risk-neutral probabilities, Q(T):
In particular, we set λ 0 = 0.01; λ 1 = 1. Table 6 . What is the "distance" between these indicators and those, by rating class, reported in Table 4 ? Which is the rating class most similar to Deutsche Bank's?
Let d i be the "Euclidean distance" of Deutsche Bank's risk indicators, y j (j = 1, ..., 7), from the corresponding indicators, x i,j , of the i th rating class (i = 1, ..., 7):
The values of d i have been reported in the lower part of Table 6 and in Figure 5 . As can be seen, the minimum distance (15.17) is the one from the Caa-C rating class. Therefore, this is the market rating estimated by the PDSM for Deutsche Bank. The market rating estimated by the PDSM is a couple of notches lower than that (B2) estimated by Moody's (in the Moody's scale there is only B3 before reaching the class Caa-C).
Conclusions
In this paper, we outlined the general lines of a structural model that is based on the Leland model ( [9] ), but which differs from its assumptions about the tax regime.
In the model, which we called the Perpetual-Debt Structural Model (PDSM), the shareholders issue a perpetual fixed-rate bond and hold a perpetual American put option that allows them to declare the state of insolvency at any time.
The shareholders define ex-ante the default point in order to maximize the current value of the shares and to avoid it becoming negative.
The PDSM does not compete with the scoring models for the credit risk assessment of small and medium-sized companies, but can be effectively used by the risk management functions of financial institutions to monitor the "health" of large companies, listed on the stock exchange. Our theoretical framework plays a role similar to Moody's KMV well-known model.
The main purpose of this paper was to carry out a first empirical test of the model, based on historically observed default rates, before making a more extensive test based on market prices.
To estimate the model, we minimized the sum of squared errors between actual and theoretical default rates. The coefficient of determination, R 2 , was 99.07%, indicating that the PDSM is sufficiently flexible to accurately explain the default rates historically observed by Moody's.
The risk indicators obtained (Table 4) confirm the fact that firms with worse ratings are characterized by higher levels of leverage, business risk and equity volatility. Moreover, as the rating worsens, the default probability increases while the recovery rate, the distance to default and the time to default decrease.
The paper also contains a firm-level application: the Deutsche Bank case. The PDSM's input data were estimated to ensure the perfect fit of Deutsche Bank's shares and CDS spreads, using stock option prices, dividend yields and balance-sheet leverage as control variables.
The sample period used for the estimates was chosen to coincide with that used by Moody's in one of its research papers ( [16] ). Therefore, it was possible to compare the probabilities of default measured by the PDSM with the expected default frequencies (EDFs) calculated by Moody's: the evolution of the two variables in the sample period is reasonably similar (Figure 4) .
Finally, the risk indicators estimated by the PDSM for Deutsche Bank (business risk 6.77%, leverage 19.98, equity volatility 48.28%, 5-year default probability 13.85%, recovery rate 27.25%, distance to default −28.79%, time to default 17.09 years) were compared with the "typical" values of the rating classes to determine, based on their similarity, the "market rating" at the end of the sample period (October 24 th , 2016). The market rating estimated by the PDSM (Caa-C) is lower, by a couple of notches, than the rating (B2) estimated by Moody's.
